RI-8-97 



|hep-th/ 9708168 



M Theory, Type IIA String 
and 4D AT = 1 SUSY 
SU{Nl) (8) SU{Nr) Gauge Theory 

Amit Giveon and Oskar Pelc 

Racah Institute of Physics, The Hebrew University 
Jerusalem, 91904, Israel 
&mail: giveon@vms.huji.ac.il, oskar@shum.cc.huji.ac.il 



Abstract 

SU{Nl) (g) SU{Nji) gauge theories are investigated as effective field theories on 
D4 branes in type IIA string theory. The classical gauge configuration is shown 
to match quantitatively with a corresponding classical U{Nl) U{Nji) gauge the- 
ory. Quantum efi'ects freeze the U{1) gauge factors and turn some parameters into 
moduli. The SU{Nl) (g) SU{Nr) quantum model is realized in M theory. Starting 
with an = 2 configuration (parallel NS fivebranes), the rotation of a single NS 
fivebrane is considered. Generically this leads to a complete lifting of the Coulomb 
moduli space. The implications of this result to field theory and the dynamics of 
branes are discussed. When the initial M fivebrane is reducible, part of the Coulomb 
branch may survive. Some such situations are considered, leading to curves describ- 
ing the effective gauge couplings for = 1 models. The generalization to models 
with more gauge group factors is also discussed. 



1. Introduction 



The realization of supersymmetric gauge field theories as theories describing the low 
energy dynamics of branes in string theory is an approach that led to much progress 
in the understanding of both subjects. To study = 4 SUSY gauge theories in 3 
dimension, a particularly simple and useful construction was introduced in |0, involving 
type IIB D branes and NS^ branes in fiat spacetime. To consider N = 1 SUSY gauge 
theories in 4 dimension, a construction involving type IIA D branes and NS^ branes in 
fiat spacetime was presented and studied in 0. These constructions were generalized in 
several directions leading to realizations of field theories in various dimensions 

and with various amount of unbroken supersymmetry. In particular, one may consider 
type IIA branes with boundaries on NS^ and/or branes [Q. The field theory 
describing the low energy dynamics of the branes is a 4D gauge theory^. parallel 

branes suspended (in one of their directions) between two parallel NS^ branes will lead 
to A^ = 2 SYM U (Nc) theory; adding Dq branes, or semi infinite branes, corresponds 
to fundamentals in the field theory, leading to A^ = 2 SQCD; more than two NS5 branes 
lead to a gauge group with more U (N) factors. A rotation of some of the branes breaks 
the supersymmetry further, and an appropriate rotation leads to A^ = 1 supersymmetric 
models. Such rotations correspond in field theory to turning on masses for some of the 
adjoint chiral superfields (chiral components in the N = 2 vector multiplets). 

The above description was obtained in the limit of small string coupling constant, 
(where string perturbation theory is reliable). The branes are considered to be fiat and 
one ignores interactions between them. One also considers energy scales below the string 
scale, so that all the massive modes of the string can be ignored. For a sufficiently small 
string coupling, the gauge coupling constant is also small and, consequently, one obtains 
correspondence with a classical field theory. Quantum corrections to the classical field 
theory correspond to quantum corrections in the dynamics of the branes. In particular, it 
was shown in that a D4 brane ending on a NS^ brane causes the latter to bend. One 
of the implications to the corresponding field theory is that the U{1) factor in the U{N) 
gauge group is frozen. Another effect was identified through a comparison with known 
quantum results in field theory. It was shown in |jTT| that when the NS5 branes are not 
parallel there are quantum forces between D4 branes, corresponding in field theory to a 
dynamically generated superpotential. 

The weakly coupled type IIA string is a particular limit of M theory. A systematic 
study of many aspects of the quantum behavior in a limit of M theory corresponding to 
a strong string coupling was initiated in |TP|]; the string coupling turns into a large lO'th 



spatial direction, and the D4 and NS^ branes configuration of the type IIA limit turns into 
a worldvolume of the M theory fivebrane M5. This approach was followed also in [ED 



40[| . One considers a small Planck length in 11 dimensions (relative to the characteristic 
scales of the configuration), and this justifies the use of a low energy (long wavelength) 
approximation. The fivebrane worldvolume is of the form M.^~^^ x S, where S is a Riemann 



""^It is 4D rather then 5D, because the D4 branes are finite in one of their spatial dimensions, so this 
dimension is invisible in the long wavelength approximation. 
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surface, and it can be determined by imposing appropriate asymptotic conditions, which 
represent the characterization of the quantum system considered. Once the curve is 
known, it provides some information. The space of solutions (corresponding to given 
asymptotic conditions), represents the moduh space of vacua of the quantum system, so 
one obtains in this way the number of vacua (or the dimension of the moduh space, when 
it is continuous). Note that this should be the quantum moduli space, possibly modified 
by a dynamically generated superpotential. This means that the M theory description is 
expected to take into account the effect that in type IIA string theory was interpreted 
as a force between D4 branes (as mentioned above). The genus of S is the number of 
massless Abelian gauge fields in the low energy effective field theory and when it is non 
vanishing, S determines the effective gauge coupling - it is precisely the Seiberg-Witten 
(SW) curve PT| of the corresponding gauge theory. The curves for N = 2 models with a 



simple classical gauge group and fundamental matter were found |19, 22 1, in complete 



agreement with the known results |^2[-|^. This method was also used to obtain unknown 



results. In particular, curves for several N = 2 SUSY models with product gauge groups 



were derived M, E2l 38 



In this work we continue the study of the realization of 4D SUSY gauge theories in the 
type IIA string and M theory. Some of our goals are to fill gaps in the "dictionary" relating 
string and field theoretical phenomena and to use this dictionary to obtain information 
about both subjects. We consider models based on U{Nl) x U{Nr) and SU{Nl) x SU{Nr) 
gauge groups, with bi-fundamentals and possibly also with fundamentals and/or adjoints. 
Such models are realized by three NS5 branes connected by D4 branes (and additional 
semi-infinite branes). We concentrate on branches of vacua with vanishing vev's of 
the fundamentals. Other aspects of this model were considered in 0. In section we 
perform a field-theoretical analysis. We start with the classical analysis of both models, 
emphasizing the differences between them. We find that the main difference is that 
the Fayet-Iliopoulos parameters in the U (N) models transform to moduli in the SU{N) 
model. We also compute the resulting moduli spaces of vacua. Next, we consider quantum 
corrections to the moduli space, in situations that are investigated later in M theory. 
In section |^, we consider the brane configuration in type IIA string theory. First the 
"classical" description is given. It should correspond to the classical U{Nl)xU{Nr) model 
and we indeed display a detailed, quantitative, geometric identification of almost all the 
parameters and moduli of the field theory. We list the evidence for this identification. In 
particular, a perfect match is found in the moduli spaces. The only parameters that seem 
to have no geometrical manifestation are the Yukawa couplings of the bi-fundamentals. We 
then describe the modifications in this picture caused by quantum effects. In particular, 
the f/(l) factors are frozen, which means that the low energy effective theory has an 
SU{Nl) X SU{Nr) gauge group. 

In section |, we move to the strong string coupling limit - M theory - looking for 
the M5 brane that corresponds to the type IIA brane configuration. We start with an 
N = 2 supersymmetric configuration - parallel NS5 branes. In this configuration there 
is a Coulomb branch, parameterized by the vev's of the adjoint fields. The general form 
of the corresponding SW curve was determined in |jl9|. We find the explicit curve, i.e., 
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its dependence on the coordinates and moduli, by considering various limits. We then 
consider what happens when one of the branes is rotated (breaking the supersymmetry 
to = 1). We find that generically [i.e., when the curve is irreducible), the full Coulomb 
branch is lifted. This remains so for models with more NS^ branes (more gauge group 
factors). In field theory this means, for example, that when a mass is given to the adjoint 
field of the first gauge factor, all the moduli are fixed, including those corresponding to 
the other adjoints. This differs from the classical situation, where only that part of the 
moduli space corresponding to the massive adjoint is lifted. One of the implications of 
this result is that a Coulomb branch can survive only when the curve is reducible, which 
means that the polynomial that defines it is factorizable. We explore this possibility and 
then investigate in detail one such situation in which the central NS^ brane, detached from 
the rest of the configuration, is rotated. This leads to SW curves for = 1 models with 
SU{N)®SU{N) gauge group with fundamentals and bi-fundamentals (and no adjoints)[[ 
Some of these curves were derived before by field-theoretical considerations |5^, and 
we find complete agreement with them. For other models our results seem to be new. 
Finally, we return to the irreducible case and analyze in detail the rotation of the left NS^ 
brane in the absence of fundamentals, obtaining explicit solutions for the curve. We check 
the limit of vanishing gauge coupling for the right factor and recover correctly the results 
for SQCD found in We conclude in section ^with a discussion. In an appendix, we 



explain our strategy in the use of symmetries. 



2. The Field Theoretical Models 

In this section we present and analyze the field-theoretical models that emerge from 
the brane configurations discussed in the later sections. 

2.1 The Classical U{Nl) X U{Nr) Model 

We consider an iV = 1 supersymmetric gauge theory with a gauge group U{Nl) x U^Nr), 
two bi-fundamentals and for each factor of the gauge group, an adjoint and several fun- 
damentals {til and n^j respectively). The matter content is described in the following 
table: 





F\ 




b 


Ql% 


Ql\ 




QRi 


Qr a 






m- 


[Adj]o © [l]o 




[Nl]- 


[l]o 


[l]o 


[l]o 


U{Nr) 


[Nr]- 




[l]o 


[l]o 


[l]o 


[Adj]o © [l]o 


\Nr] + 


[Nr]- 



(2.1) 

Here a = 1 . . . Nl and a = 1 . . . Nr are color indices, i = 1 . . .rii and i = 1 . . . n^j are 
"fiavor" indices; denotes a representation of f/(A^) = SU{N)®U{1): a representation 



^Curves for = 1 models are known only for a limited number of cases: |47|,[^,|^,||49|]-||5^. 
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[R] under SU{N) and a U{1) charge q. The superpotential considered is 

W = ^LtTAL + hfiLtTAl+tT{mLQLQL)+tT{XLQLALQL) + 

HRtrAn + ^fiRtiAl + tT{mRQnQR) + tiiXRQRARQn) + (2.2) 
+mFtr{FF) + /tLtr(FALF) + K^jtr(FAjjF) 

(in matrix notation)^. We also allow Fayet-Iliopoulos (FI) terms for the U{1) vector 
superfields trVi, trV^ 



j d^9d^9{riLtiVL + Vr^^Vr) , Vl,Vr^ 



We will determine the (classical) vacua of this model, restricting our attention to vacua 
with0 Q = 0. The D-term equations for a supersymmetric vacuum are 

[Al,A[]+FF^ -F^F = -riLlN, , [Ar, A^j,] + FF^ - F^ F = -t^rI^^ . (2.3) 

(where In is the dimensional identity matrix) and they imply^: 

. [Al,A[] = [Ar,A^^] = 0; 

• r]L = -vr =■ m 

• if Nl 7^ Nr then rj must vanish; 

• f] can always be chosen non- negative (possibly after a, L ^ R transformation); 

• F and F can be simultaneously diagonalized by a color rotation and then they 
assume the following form 

F = diag{c4 , F = diag{c4 , (2.4) 

with 



Ca = +V\ca\^ + V , c, gC , a = l...N ■.= mm{NL,NR) (2.5) 

(for Nl 7^ Nr there is also a block of zeros with an appropriate dimension). 

The space of inequivalent {F, F) configurations is, therefore, N (complex) dimensional. 
It can be parameterized by0 {ca} or, equivalently, by {ba}, where 

ba = CaCa (2.6) 



■^In some situations, some of the parameters are redundant. For example, when /i 7^ 0, one can 
ehminate ^ by a (scalar) shift of while when ^ = 0, such a shift can be used to eliminate niF- This 
will be also apparent in the corresponding brane configuration, to be described later. 

'^For generic values of to^, m^j, this is actually implied by the equations of motion. 

^The vanishing of [^,^^] is explained in J 55 ; the rest of the above results can be obtained following 



the procedure described in the appendix of for a similar model. 

^More precisely, configurations {ca} related by a permutation are gauge equivalent, so the moduli 
space is obtained by dividing the {cq} space by the permutation group. 
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are the N common eigenvalues of FF and FF (the extra eigenvalues, existing for A^^^ 7^ 



Nji, all vanish). As usual |5^, the moduli space can be parameterized also by gauge- 
invariant polynomials 

Tr=tT{FFy , l = l...N . 

The gauge choice ( p.4| ) also shows explicitly that the gauge symmetry unbroken by F, F is 
generically U{1)^ (diagonally embedded in U{Nl) ^U^Nn)). We adopt this gauge choice 
in the following classical analysis. 

We now turn to the F-term equations dW = 0. We assume k 7^ (for both left and 
right, as is the case for N = 2 supersymmetry) and, to simplify the analysis we "absorb" 
K, into a redefinition of A, ^, fi and A. Practically this means that we set k = 1 in the 
superpotential[] and, later, k can be recovered by 

A^kA , ^^^/n , ix-^ix/k^ , A ^ A/k . (2.7) 

In the same way one can absorb A in Q (assuming it is invertible), by setting A = 1 (after 
absorbing k) and recover it (before recovering k) byQ 

Q^QX , m ^ \-^m . (2.8) 

The equations obtained are 

= tufF + AlF + FAr , (2.9) 

= mpF + FAl + ArF , (2.10) 

= iLIN,+^^LAL + FF , (2.11) 

= iRINn+^J^RAR + FF . (2.12) 

We now solve them for different choices of parameters. 

2.1.1 ^lL^^R = 

Assume fiR = 0. From eq. ( p.ll| ) we obtain 



FF = -UlNn , (2.13) 

which implies that all determined by ^r, they are equal and if they do not vanish, 

then Nl > Nr. 

If Hl also vanishes then a non-trivial value for F (and, therefore, also for C,l,r) is 
possible only for Nl = Nr and then C,l = ='■ C,- Therefore, we have two possible 
situations: 

Type 1: = = 0, r/ ^ and/or ^ ^ {Nl = Nr =: N) 



K does not disappear! Rather it moves to the kinetic term of A. 



and A can also be recovered using symmetries. This is explained in Appendix 
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F is a non- vanishing multiple of the identity, therefore, eq. ( |2.1CI| ) leads to 

mF + AL + AR = . (2.14) 

The vacua can be parameterized by Ai, (which can be diagonalized by a U{N)£, 
color rotation preserving F and F). The gauge symmetry is broken, generically, to 
U{1)^ (diagonally embedded in U{N)l ® U{N)r). 

Type 2: = /i^ = 0, 77 = ^ = 

F and F vanish, so A^ and Ar are independent and can be diagonalized simulta- 
neously by a U{Nl) ® U{Nr) color rotation. The vacua are parameterized by Al 
and Ar and the gauge group is generically broken to f/(l)^^ ® [/(l)^^. 



If fiL does not vanish]^ then A^ is fixed by its equation of motion ( p^.lll ): 



Al = {^lIn,+FF) 

fJ'L 



(2.15) 



and we have also two possible situations: 



Type 3: fXL ^ = fiR, 7] ^ (Nl = Nr) and/or ^r ^ (Nl > Nr) 

F does not vanish (and, moreover, has maximal rank), therefore eq. ( |2.1U| ) leads to 



A 



R 



(2.16) 



Thus, in this case, there is a unique vacuum, in which the gauge symmetry is broken 
to U{Nl — Nr)i ® U{Nr)£) (the first factor is a subgroup of U{Nl) and the second 
is diagonally embedded in U{Nl) ® U{Nr)). 



Type 4: ^ = fiR, rj = i 



R 







F and F vanish, so Ar is free and can be diagonalized hj a U {Nr) color rotation. 
It parameterizes the space of vacua and the gauge group is generically broken to 
U{Nl)0U{1)^R. 



2.1.2 HLUn ^ 

If /^L and II R do not vanish then both Al and Ar are fixed by their equations of motion 



Aj 



1 



{^lIn,+FF) 



A 



R 



iUI^, + FF) 



(2.17) 



^The case of = 7^ fiR is treated similarly, with identical results (exchanging L ^ R but not 
F ^ F). 
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Observe that the above equations imply that the unbroken gauge symmetry is the sub- 
group preserving F and F [A^ and do not break the gauge symmetry further). Eq. 
( p. 101) becomes 

rhp -^CaC^Ca = Q , (2-18) 

where 

f^L ^^r\ 1 11 

mp ■= mp \ , -:= \ 

and this leads to two possible situations: 

Type 5: rhp ^ and/or ^ 7^ 

In this case there is at most one non- vanishing solution c to eq. ( p.l(j| ), which 
means that FF and FF have (at most) one non- vanishing eigenvalue b (determined 
uniquely by the parameters), with some multiplicity r {0 < r < N := min(A^£,, iV^)). 
Therefore, in this situation there is a finite number of discrete vacua, parameterized 
by r. The gauge group is broken to U {Nl —r)L® U{r) £, ® U{Nr — r)^. The range 
of values that r may assume depends on the parameters: 

rf^Q{NL = NR = N) 

This leads to c 7^ 0, therefore, eq. (|2.18|) implies that r = N {a. unique vacuum) 
and, moreover, if ^ = 7^ mj? then there is no vacuum at all. 

i = / rh^ (r/ = 0) 

This leads to c = 0, which means r = (a unique vacuum). 
J^O, r7 = 

In this case all values of r are allowed and there are iV -|- 1 discrete vacua. 

Type 6: nip = ^ = 

In this case F is unconstrained by eq. ( p.l8[ ) and it parameterizes the space of vacua. 
The gauge symmetry is broken, generically, to U{Nl — r)L® U{\Yp, ® U{Nr — r)^, 
where r is the rank of F. 



2.2 The Classical SU{Nl) SU{Nr) Model 

We will also have to consider a variant of the above model, obtained by freezing the 
N = 2 vector multiplets corresponding to the two U{1) factors in the gauge group. 
By this we mean that we replace each such N = 2 dynamical superfield by a fixed 
constant (which, by supersymmetry, is also independent of the Fermionic coordinates 
and, therefore, contributes only to the scalar component). The result is a model with an 
SU{Nl) ®SU{Nji) gauge group, and almost the same matter content, the only difference 
being that tiA is not a dynamical field, but rather a fixed parameter. We will now list 
the differences between the models: 
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The modulus tr (A) becomes a parameter. 

One can absorb tiA in the mass parameters mL,rnFi and rriF is shifted too, but 
see the next paragraph), so we can assume tiA = 0. 

In the superpotential, ^ multiplies a constant and, therefore, could be ignored. But 
we re-introduce these terms with a different interpretation: ^ becomes a Lagrange 
multiplier, enforcing the constraint tiA = 0. So we obtain the same equations ( p.9| - 
|2.12| ), the only difference being that we have also the above constraint, which is an 
additional equation, leading to the determination of ^. 

The FI terms disappear (since there are no U{1) gauge fields). Nevertheless, the 
D-term equations ( |2.3D remain the same, but with a different meaning: rii,7]fi are no 
longer (FI) parameters but rather functions of the moduli - reflecting the require- 
ment that the other terms in the equation should be orthogonal to the (traceless) 
generators of the gauge group and, therefore, must combine to a multiple of the 
identity matrix. 

Observe that and rj undergo the same type of change (parameter modulus). 
This is obviously related to the fact that they are in the same SU{2)ii multiplet. 

For Q = 0, A, F and F can still be diagonalized simultaneously, but this time 



(compare with eq. (|2.5|) ) 



5a = e^"vW+^ , (2.19) 



where a,rj G M. For A^^^ = Nf> =: N, rje^"' is an additional complex modulus, 
so the space of inequivalent {F, F) configurations is iV + 1 (complex) dimensional. 
This change in dimension is reflected by the existence of additional gauge invariant 
polynomials: 

D:=detF , D := det F 

(Tjv = tr(FF)^ is a polynomial function of D, D and Ti with I < N, so there are 
indeed iV + 1 independent complex moduli). 

The above changes lead obviously to a different space of parameters and moduli. To 
find it, we can use the same equations (|2.9| - |2.1^) , with a modified meaning: tiA vanishes 



identically and, therefore, the trace of eqs. ( ^.11| , P?T^ determines ^: 

Ti = tiFF = -Nl^l = -Nr^r . (2.20) 



2.2.1 /x^ = /Xit = 

Eqs. ( ^.ll| , pTT^ imply that both FF and FF are proportional to the identity. Therefore, 
for Nl 7^ Nr, F and F must vanish and we have the same moduli space as for the previous 
model (type 2), parameterized by independent A^ and Ar (which, however, represent now 
less degrees of freedom, since they are traceless). We will call this branch of vacua the 
Coulomb branch. For Nl = Nr, F and F do not have to vanish and, for mp = we 
obtain an additional branch, parameterized by A^ = —Ar, D and D (for mp 0, F and 
F are forced to vanish by eqs. (|2.9| , p.l0| )). This branch will be called the mixed branch. 
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2.2.2 fXL7^0 = 

Eq. (|2.12|) implies that FF is a multiple of the identity (which means that it must vanish 
for Nl < Nr) and eq. ( |CT| ) leads to 



Therefore, for Nl < Nr we have a unique branch (again, as in the previous model - type 
4), parameterized by Ar (with vanishing Al,F and F), but for Nl > Nr there may 
be another branch, with non- vanishing F and/or F (rank Nr). In this case equations 
(|J,|l0D imply 

■ 1 1 



so the situation is as follows: for Nl = Nr there is an additional branch if and only if 
mp = and then it is parameterized by D and D {Al vanishes). For Nl > Nr, FF is 
fixed by the parameters, but the overall phase of each of them {a in eq. ( p.l9|) ) remains 
free, so we have a compact one (real) dimensional branch of vacua. 



2.2.3 fiLt^R ^ 



When fiL, fJ'R both do not vanish, Al and Ar are determined by their equations of motion 
(as in (|2T7| )) 



Aj 



1 



FF - iNr —Ti 



A 



R 



FF-I^±T^ 



(2.21) 



and then eq. ( p.lO| ) obtains the form 



= \mF + — Ca 



where 



1 _ 1 1 

f^' f^L f^R 



/i 

1 1 



(2.22) 



+ 



/i NLflL NRfiR 

We now speciahze to the case Nl = Nr := N. In this case, eq. (|2.22| ) simphfies to 







rriF + -T^{Tl - NCaCa) 

N jj, 



(2.23) 



For ^ 7^ 0, there is at most one non-zero value cc for CqCq, so eq. ( |2.23| ) simplifies further 
to 

N -r^ 



N 



-cc 



where r is the multiplicity of cc. This leads to the following solutions: 
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- = = mp '• F and F are free; 

^ = 7^ : there is a unique vacuum F = F = 0; 

- = mp : F and F are multiples of the identity, so there is a continuous moduli 
space, parameterized by D, D; 

^ 7^ 7^ mp : there are discrete vacua, parameterized by r = . . . — 1. 

This is quite similar to the moduli space of the previous model, the main difference being 
the existence of a continuous moduli space of vacua also for ^ 7^ = mi?. 

2.3 The Quantum SU{Nl) SU{Nr) Model 

In this section we discuss modifications in the moduh space of the SU{NL)(^SU{Nji) mod- 
els caused by quantum corrections. As in the classical analysis, we restrict our attention 
to vacua with Q = Q = 0. 

2.3.1 fiL = f^R = 

When the model has N = 2 supersymmetry (i.e., n = and k = \ = \/2), the quantum 
corrections are severely restricted: both branches described in subsection p. 2.1 



survive, 



the "mixed" branch retains the structure of a direct product and only the Coulomb parts 
are modified by quantum correction^^ Even when the Yukawa couplings are modified, so 
that the N = 2 supersymmetry is explicitly broken, the Coulomb branch is not lifted. To 
see this, one considers the i?-symmetry with Rq = Rp = 1 and Ra = 0. It is anomaly-free 
{i.e., Raj^ = Rkp, = 0) and is respected by the classical superpotential, therefore, it must 
be respected also by the dynamically generated superpotential. This means that the full 
low energy effective superpotential is quadratic in F and Q, and the Coulomb branch 
(with F = Q = parameterized by A) is not lifted by quantum corrections. 

2.3.2 Nl = Nr := N, = -f^R := / 

In this case, at scales below fi, and Ar are expected to decouple. When /i ^ A/,, A/j, 
the decoupling occurs at weak gauge coupling and can be analyzed semi-classically. Inte- 



grating out Al,Ar by their equations of motion (see eqs. (|2.21|) and recall that we use 
the gauge choice (|2.4|), in which F and F commute) 



AL = -An = B/fi , 5:=FF-lj^tr(FF) (2.24) 
leads to the effective superpotential|3 

W = tiiniLQLQL) + tiimRQnQn) + - MQlBQl) - triQRBQR)] , (2.25) 



^°This follows from the arguments presented in p5| . 
Recall that we chose X = k — 1. Other values for them can be incorporated by the transformations 



( |2.7| , p.§| ). In particular, the condition for the existence of this branch is = — /Xit/K^ 
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so the resulting effective model, without adjoint fields, will have the tree-level superpo- 
tential ( |2.25|) . This branch is also not lifted by quantum corrections, since it is protected 
by the non-anomalous R symmetry with R{Q) = 1 and R{F) = 0. 



2.3.3 = fiR 

Finally, we discuss the situation, when only one of the adjoint fields - Al - is massiveQ 
Consider, for simplicity, a model without fundamentals (n^ = nji = 0). Integrating out 
Al (assuming, as before, /il 3> Al,Ar) 

AL = - — {FF-^tTFF) 

leads, at scales below fii, to a model with a tree level superpotential 

Wt,ee = -7^MM^)-{tTM)^]+tT[{mF + AR)M] , M := FF , (2.26) 

SO the classical model in this case has a branch of vacua with M = 0, parameterized 
by Ar. Unlike the previous cases, here symmetry does not protect this branch from 
the dynamical generation of an A/^-dependent superpotential that would lift it. In fact 
we know that such a superpotential is generated in a closely related model. Taking 
Ar = and ^ = 0, one obtains a model with gauge group SU{Nl), under which 

F, F transform as Nr fundamentals and antifundamentals and Ar transforms as A^^^, — 1 
singlets. For Nl < Nr this is almost "magnetic SQCD" of [^. In the latter model, 
there are A^^ singlets Ar, coupled to the meson M by a superpotential trA/jM, so the 
only difference between the models is that one of the singlets of magnetic QCD (trA/j) is 
"frozen" here, becoming a parameter mp. As is known, quantum effects indeed generate 
an A^^-dependent superpotential in this model. In section ^, we will show, using M theory, 
that this also happens for all the present models. We will return to the field theoretical 
consequences in section |^. The explicit determination of the generated superpotential is 
left for future work. 



3. The Type IIA Brane Configuration 

Our next step is to construct a configuration of branes in Type IIA string theory that 
will reproduce the results obtained in the previous section. 

3.1 The Classical Description 

We will consider (classically) flat branes in flat 10 dimensional spacetime: solitonic five- 
branes (Denoted NS^) and Dirichlet 4-branes and 6-branes (denoted D4 and Dq respec- 
tively). The branes will have boundaries on A^5'5 branes. The orientation of branes is 

^^We are grateful to David Kutasov for a discussion on this subsection. 



11 



described in the following table 



Type 


x^, /i = 0,1,2,3 


V := + ix^ 


s= {x^ + ix^^)/Rio 


7 

x' 


w := x^ + ix^ 


NS5 






• 


• 


• 






• 


H 


• 


• 






• 


• 







(3.1) 



(we will also have NS^ and Dq branes rotated in the {v, w) space; they will be described 
shortly). In the table, a dash ' — ' represents a direction along which the brane is extended 
and a bullet '•' represents a direction transverse to the brane. For the D4 brane, '[ — ]' 
means that the brane does not extend along the full x^ axis, since at least one of its sides 
ends on a NS5 brane. We will have both "finite" and "semi-infinite" D4 branes in the x^ 
direction. 

In the next section we will reinterpret the type IIA string theory discussed here as M 
theory on X S^. We, therefore, incorporated in the table also the extension of the 
branes in the 11th (compact) dimension, x^^ is the corresponding coordinate and 2'kRiq 
is its periodicity. 

The "finite" branes {i. e., those that are restricted from both sides in the x^ direction 
by a iVS's brane) are the only branes in the configuration that have a finite extent in the 
"internal space" (x*, i = 4. . .9), therefore, at a low enough energy, the dynamics of the 
configuration is approximately the dynamics of the finite D4 branes in the background of 
a fixed configuration of all other branes - an effective field theory on the world volume of 
the finite branes. Because of the finite extent in the x^ direction, this dynamics will 
be effectively 4 dimensional. 

A collection of branes of the above types preserves 3 of the original 10 dimensional 
N = 2 supersymmetry p| , therefore, the corresponding effective 4 dimensional field theory 
will have N = 2 supersymmetry. A AS5 brane with a different orientation then that 
described above will break generically all the remaining supersymmetry. However there 
is a way to rotate a NS5 brane in such a way that half of the remaining supersymmetry 
is preserved and the resulting 4 dimensional field theory has = 1 supersymmetry. In 
particular, one can perform the following rotation: 



V 

w 



COS 6 
sin 6 



- sin 6 

cos 6 



V 

w 



(3.2) 



Indeed, this rotation can be described as an SU (2) transformation: 



4 I • 8 

X + IX 

5 • 9 

X — IX 



-ie 



4 I • 8 

X + IX 

5 • 9 

X — IX 



and this guarantees |^ the preservation of A^ = 1 supersymmetry. Obviously, w in (|3.2| ) 
can be replaced by e^'^w, ip eM. (or equivalently v — >■ e~*'''u), leading to a different rotation, 
so a rotation of this kind is parameterized by two real angles. Identical considerations 



lead to the possibility to rotate a Dq brane, using the transformation (3.2). In fact, one 
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i 



nip 



niR 



Figure 1: Projection on the {v, s) subspace. For brevity, only one brane is dis- 
played in each region; the displacements are the eigenvalues of the corresponding matrices 
{mL,AL,AR,mR). 



can use the transformation ( p.2|) to rotate an arbitrary number of A'S'5 branes and Dq 
branes (each with different rotation parameters) without spoiling = 1 supersymmetry. 
At this stage we can specify the precise configuration of branes that will be considered: 

• Three ^^5*5 branes, denoted by Sl, Sm, Sr, according to their order along the 
axis. We choose Sm to be parallel to the v plane, while the other two are rotated 
with rotation parameters {6l,lpi) and {—9R,ipR) (note the sign difference). 

• {riL, Nl, Nr, hr) Di branes extended in the direction in the intervals 

— 00 ^ 5*^ ^ Sm ^ Sr ^ +00 

respectively. 



3.2 Identification of the Effective Field Theory 

We argue that the effective field theory on the D4 branes is indeed the one presented 
in section |^. Moreover, we suggest a quantitative identification between most of the 
parameters and moduli of the field theory and the parameters determining the brane 
configuration (see figures 0,|])|3 13- To specify the location of Sl and Sr in the v and w 
planes, we choose a reference point on each brane (it is denoted by star "*" in the figures) 
and refer to its coordinates. The arbitrariness of this choice will be discussed below. We 
now list the identification. The parameters are 

^•^Parts of this identification already appeared in the hterature. We combine them with some new 
elements and obtain an almost complete picture. 

^■^In the following identification we assume unit string tension Tgt. T^t can be recovered by dimensional 
analysis. For example, Av represents TgtAw, which is the mass of a string of length Av. w represents 
Tjf/^w and, therefore, tan6' represents T^/^ tan 6. 
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Sl Sr 



Al 



-Ar 




-m p 


Sr^ 




1 



Sl Sm 

Figure 2: Projection on the {v, w) subspace. The displacements described are for an 
Sl ^ Sr D4 brane (denoted by a bullet •). 

• I'-position: (here the D4 branes are the semi-infinite ones) 

mp — {Sl brane) — [Sr brane) , 
—mL = {D^L brane) — {Sl brane) , tur = {D^r brane) — {Sr brane) ; 

• w-position: 

^L = {Sl brane) — {Sm brane) , ^r = {Sr brane) — {Sm brane) ; 

• s-position: {t ^ £ + i^) 

itl — {Sl brane) — {Sm brane) , —itr — {Sr brane) — {Sm brane) ; 

• orientation of the NS^ branes: 

y^^^ e'^P^ tan , hr^ e''^'' tan dR 

and the moduli are (here the D4 branes are the finite ones): 

• I'-position: 

Al — {D4L brane) — {Sl brane) , —Ar — {D4R brane) — {Sr brane) ; 

• w-position: 

—FF — {D4L brane) — {Sm brane) , —FF — {D^r brane) — {Sm brane) 
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Also, the FI parameters rji and rjR are related to the x^-positions of Sl and Sr, respec- 
tively, relative to Sm- When the fundamentals are realized by Dq branes (see below), QQ 
is related to the w positions of branes connecting Dq branes and the Yukawa couplings 
A are related to the rotation of the Dq branes. The only other parameters that do not 
appear in the above list are the Yukawa couplings k of the bi-fundamentals. Actually, 
in deriving the above relations, we used the results of the previous section, where we set 
K = A = 1. As explained there, A and n can be recovered by using eqs. (p.8|) and ( pl7|) , so 
in the above list each field-theoretical quantity actually represents the modified expres- 
sion obtained after recovering A and k. For example, the orientation of the NS5 branes 
is related to e^'^'tan^ = h/k^. As long as we consider configurations that preserve N = 2 
supersymmetry, k and A are fixed, so nothing essential is missing. But when some of the 
branes are rotated, N = 2 supersymmetry is broken and the corresponding behavior of 
the Yukawa coupling may be important. In particular, qualitative changes are expected 
when they vanish. 

In the following we list the evidence for the above identification. 

Field Content 

The field content was identified already in previous works [@, ^. N = 2 vector mul- 
tiplets originate from strings connecting two D4 branes which extend between the same 
NS5 branes, while N = 2 hypermultiplets originate from the other 4-4 strings. The iden- 
tification of the vector field content leads also to the identification of the gauge symmetry 
U{NL)(E)UiNR). 

Note that we could replace the semi-infinite D4 branes by Dq branes, obtaining the 
same matter content. For example, the branes extended to +00 can be replaced by Dq 
branes located between Sm and Sr (along the axes). Indeed, when such a Dq brane is 
moved to the right and crosses Sr, a D4 brane is generated that extends between the Dq 
and Sr branes, so a semi-infinite D4 brane can be viewed as connected to a Dq brane at 
infinity. When the crossing NS^ and Dq branes are orthogonal to each other, this motion 
seems to be irrelevant in the effective field theory on the D4 branes^, allowing to switch 
between these two representations. In most of the discussion it will not be necessary to 
introduce Dq branes[^ 

Parameters and Moduli 

There is a difference in the expected geometric realization of field-theoretical parame- 
ters and moduli: given the fields, their dynamics is dictated by the action, characterized 
by its parameters. In the brane realization of the field theory, the dynamics is that of 
the finite D4 brane and it is dictated by the geometric configuration of the infinite - 
non-dynamical - branes. Therefore, this is what the parameters of the field theory should 
describe geometrically. The action determines, in particular, the moduli space of vacua, 
and this corresponds to the possible geometric locations of the finite - dynamical - D4 

^^The relevance of this motion in other situations was discussed in |^ and fl^ . 

^^The De branes are essential for the description of the Higgs branch of the field theory on the D4 
branes, but we do not consider this branch of vacua in the present work. 
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branes. Therefore the moduh of the field theory should determine aspects of the geometric 
configuration that involve only the finite branes. 

This distinction between parameters and moduli is obeyed in the identification de- 
scribed above. 



Dimensionality and Redundancy 

One can verify that the dimensionality of the parameters and moduli indeed agrees 
with the one of the geometric quantities with which they are identified]^. In this context 
one should observe that there is a redundancy in the description of both the field theory 
and the brane configuration. In the brane configuration this is the choice of a reference 
point on Sl and Sr. One can verify that a shift of this reference point has exactly the 
same effect as a (scalar) shift oi Al and Ar, respectively, accompanied by a change of 
parameters that leaves the action invariant, up to an additive constant. A shift in Al, 
for example, should be accompanied by a shift of mp and uil and, if hl 7^ 0, also of ^l- 
Such a shift can be used to set to zero some redundant parameters (see footnote All 
this is reflected exactly in the geometric description. 

The Equations of Motion and the Moduli Space of Vacua 

The geometric identification implies naturally qualitative and quantitative relations 
between the various parameters and moduli (these were already used in the discussion 
of redundancy above). In the field theory, these relations are the equations of motion 
derived from the action, therefore, the identification of the relations from the geometry 
leads, at least to a large extent, to the identification of the action and, in particular, the 
superpotential. With this in mind, it is worthwhile to identify the geometric origin of the 
equations of motion: 

• The restrictions on rj, obtained from the D-term equations, follow directly from the 
requirement that the branes should have =const.. 

• A non-zero eigenvalue for F corresponds to an Sl ^ Sr brane, therefore, the 
left and right branes from which it is formed should have the same v and w 
(see fig. The w position implies that FF and FF must have common non-zero 
eigenvalues (which follows from the D-term equations) and the v position implies 
that for such an eigenvalue, nip + Al + Ar = (which follows from eqs. (|2.9| , p.l0|) ). 



• From a diagram in the {v, w) space (fig |^) one obtains, for an Sl ^ Sr brane, 
^ + iiA + cc = 0, which is precisely the content of eqs. (|2.11|J2.1^ ). In particular, A 
vanishes for /i = 00 and is free for /i = 0. 

Finally, one can classify all the possible brane configurations. The result agrees completely 
with the field-theoretical analysis and one observes the six types of situations described in 
section || (see figure ^ . Actually, once the equations of motion are identified geometrically, 

^^Of course, only gauge invariant quantities can have a geometric meaning, so in A^, Aj^, FF, FF, only 
the eigenvalues should be considered. Moreover, in the identification of mL,mR, we assume that they 
are diagonal. 
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Figure 3: The possible brane configurations. The types of configurations correspond to 
the types of vacua found in section 0. 
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the moduli spaces should obviously agree too. 



N = 2 Supersymmetry 

In the brane configuration described above, 4 dimensional N = 2 supersymmetry is 
broken iff the NS^ branes are not all parallel. This is identified with non-vanishing masses 
for the adjoints, which indeed break the supersymmetry to = 1. Changes in the Yukawa 
couplings K, A also break N = 2 supersymmetry, but these parameters are not represented 
geometrically in the above configuration]^. 

R-Symmetry 

A rotation in the "internal space" {i.e., not acting on x'^, /i = 0, 1,2,3) rotates also 
6a - the Fermionic coordinate of the four dimensional superspace and, therefore, corre- 
sponds to an /^-symmetry of the field-theoretical model. The relations suggested above 
are compatible with the following identification: SU{2)'isg (rotations in the (789) space) 
is the SU{2)f{ symmetry and f/(l)45 and f/(l)89 (rotations in the v plane and w plane 
respectively) are the f/(l)_R symmetries characterized by the following charges: 





V 


w 


9a 


A 


F,F 






/i 


nip 


m 


K 


X 


A' 


-R45 


2 




1 


2 








-2 


2 


2 






2b 


-^89 




2 


1 




1 


1 


2 


2 













(the charges are left^right symmetric, so we dropped the L,R subscripts). Observe 
that K, and A are neutral, so the transformations ( |2.7| , p.8|) do not affect the R charges 
above. For later convenience, we include in the table the charge of the instanton factor 
A^, representing the chiral anomaly. The one-loop beta function coefficients are bL,R = 
2Nl,b - iNR,L + nL,R). 



3.3 Quantum effects 

So far, we considered the classical description of branes. There are, however, quantum 
effects that change the situation described above considerably. 



3.3.1 The Bending of NS^ Branes 

Classically, a NS^ brane is flat and the branes discussed in this work have constant s. 



However, as observed in |T9|, when a D4 brane ends on a NS^ brane, the NS^ brane 
bends. For example, when a single D4 brane at f = ends on the left side of a A'S's 
brane extending classically in the v direction, the s coordinate of the A'S's brane behaves 
asymptotically as s = logf. One implication of this effect is that the f/(l)45 symmetry 
of the classical A'S's brane is broken quantum mechanically and this flts well with the 



U{l)fi anomaly known in fleld theory [^. Another consequence of this bending, that 

"'^^As remarked above, when the fundamentals are reahzed by Dq branes (and not by semi-infinite D4 
branes), A corresponds to the rotation of the Dq branes, which indeed breaks the N = 2 supersymmetry. 
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is more important to us, is the freezing of the N = 2 vector multiplets corresponding 
to the f/(l) gauge factors. To understand this, one should observe that, since the NS^ 
branes are bent, with the "center of bending" determined by the location of the D4 
branes, a change in this location will be accompanied by a change in the location of the 
NS^ brane, including the asymptotic parts, and it can be shown that such a change 



will cost an infinite amount of (kinetic) energy. Therefore, the modulus corresponding 
to the average location of the D4 branes is frozen and, by = 2 supersymmetry, this 
happens to the whole N = 2 vector multiplet to which it belongs. This argument was 
given for an = 2 supersymmetric configuration, however, since this effect is seen to 
be related to the local interaction between a NS^ brane and the branes ending on it, 
it is not expected to depend on an existence of other, remote, branes that may break 
the N = 2 supersymmetry. This freezing means that, while classically we obtained an 
effective U (N^) (g) U{Nji) field theory, the incorporation of the quantum effects will lead 
to a realization of a quantized SU{Nl) SU{Nr) field theory. 

3.3.2 Inter-brane Forces 



Another quantum effect in brane dynamics was discovered in ||TT|. Investigation of the 
moduli space of A^ = 1 SQCD led to the observation that D4 branes between two non- 
parallel NS5 branes interact with each other and with some other D4 branes connected to 
the same A'S's branes. Consider, for example, a brane between two NS5 branes Sl, Sr 
which are rotated with respect to each other by 90°. If there is another D4 brane between 
Sl and a Dq brane parallel to Sl, then the two D4 branes will be either attracted to each 
other (when they end on opposite sides of Sl), or repelled from each other (when they 
end on the same side). This interaction has infinite range; it is a Coulomb-like interaction 
in the co-dimension of the intersection of the D4 brane with the NS5 brane. Other Dq 



branes can "screen" these forces in some situations, as described in |]TT| . The effect of this 
interaction is to lift moduli spaces of vacua, when they exist, since vacua correspond to 
configurations in which all branes are in equilibrium. We will discuss brane forces in the 
present models in section ^ Before that, we will gain some relevant information from an 
analysis using M-theory. 



4. Analysis in M Theory 



In this section, we follow the approach initiated in |T9[, interpret the type IIA brane 
configuration described in the previous section as a fivebrane in M theory and exploit the 
resulting simplifications to obtain information about the corresponding field theory and 
also about brane dynamics. 

We start by describing how the description given in this section is related to that of the 
previous section]^. There are three independent length scales relevant to this discussion: 
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We use here arguments given at [h9l E6| 
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the string length scale 1st (inversely related to the string tension), the length /g of the 
(finite) D4 branes and the radius -Rio of the 11th dimension. In terms of these, the string 
coupling constant Qst, the (inverse) gauge coupling constant Imr and the 11 dimensional 
plank length /pi are given by 



^st = ^ , Imr = 4^ , /pi = llRio . (4.1 

'st -Kio 



The realization of the field theory by a type IIA brane configuration, as described in 
the previous section, is performed in the limit of small Qst, {i-e. Rio <^ ht), where string 
perturbation theory is reliable. One also considers length scales above 1st (so that all the 
massive modes of the string can be ignored) and above /g (so that the effective field theory 
is 4 dimensional). For a sufficiently small string coupling, the gauge coupling is small at 
the string scale and significant quantum effects in the gauge theory appear only at very 
low energies, where complications of string theory, including gravitation, are expected to 
be negligable. This leads to the conclusion that the dynamics is reliably described by a 
gauge field theory or, in other words, that this brane configuration indeed realizes a gauge 
field theory and, therefore, can be used to investigate its properties. 

In the present section, we consider a different limit: /pi <^ Rio, Iq. In this range of 
parameters Qst is large and string perturbation theory is not reliable. However, one can 
use instead the dual - M theory - description of the model. If all the characteristic 
scales are large with respect to /pi (as -Rio and Iq are), the low energy (long wavelength) 
approximation to M theory is expected to be sufficient. 

In the passage between the two limits one keeps r fixed, so classically we keep con- 
sidering the same effective field theory. There is by now much evidence that also in the 
quantum theory many aspects do not change (even when there is only = 1 super- 
symmetry [^, ^ 0, ^ |3^, 0, ^ 0)- In particular, this method is expected to 



reproduce correctly the aspects that we will consider: the vacuum structure and the low 
energy gauge coupling in a Coulomb phase. 



4.1 The Corresponding M Theory Configuration 

Both NS^ branes and D4 branes of type IIA string theory, correspond to the same object 
in M theory - a fivebrane, therefore, the brane configuration described in section ^ corre- 
sponds, in M theory, to a single fivebrane, with a non-trivial topology. The worldvolume 
of this fivebrane is of the form ]R^+^ x E, where R'^"'"^ is the 4 dimensional spacetime, 
parametrized by x'^, /i = 0, 1, 2, 3 and S is a two dimensional surface in the internal space 
S, parametrized by v,w and s (each connected component of the curve has fixed x'^ , so 
this coordinate will not be important in the following). Moreover, to obtain (at least) 
A^ = 1 supersymmetry in the 4 dimensional effective field theory, S is required |5^, ^ 
to be a complex Riemann surface in the complex structure induced by the coordinetas 
V, w, s of S. This also implies that S is smooth and generically it will have no singular- 
ities, therefore, for /pi small enough, the low energy (long wavelength) approximation of 
M theory is justified. 
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As explained in |T9[ (extending results from ||6T|), the resulting low energy effective 4 
dimensional field theory contains g abelian gauge fields, where g is the genus of S, and 
E is the Seiberg-Witten curve for this theory, i.e., it determines the low energy effective 
gauge coupling. The N = 2 supersymmetric brane configuration of section ^ leads to a 
fivebrane worldvolume with genus + Nji — 2, supporting the claim that this is the low 
energy limit of an SU{Nl) ® SU^Nn) (and not of U{Nl) ® U{Nr)) gauge theory. 

4.2 The Curve With AT = 2 Supersymmetry 



Ref. |]TP[ considers an = 2 supersymmetric version of the model discussed here (cor- 
responding to /i = and k = \ = -\/2 in the present notation). The dependence of the 
corresponding curve on the coordinates (f , t) was determined (by requiring an appropriate 
asymptotic behavior) to be 

CLQL{v)t^-PL{v)e + PR{v)t-CRQR{v) = Q , t = toe-' , (4.2) 

where Ql, Pl, Pr,Qr are polynomials of degree ni, N^, Nr^ur respectively and can be 
chosen to be with leading coefficient equal to 1 {to is a constant, possibly dimensionfuU) . 

To use this curve as a starting point for deformations, we must identify exphcitly its 
dependence on the parameters and moduli. We will show that the curve is 



G{v, t) := hl'QL{v)t' - PL{v)e + PR{v)t - h'^QR{v) = (4.3) 



PL{v) = det{v-VL-{AL)) , PR{v)=det{v-VR+{AR)) , (4.4) 



where 



Ql{v) = dei{v - vl + mL/\'2) , Qr{v) = det{v - vr- mR/\'2) , (4.5) 

vl-vr = itlfI V2 

and A^^ , A^ are the instanton factors (the one- loop beta function coefficients being h^ R = 
'^Nl^r — {Nr^l + riLfi)). The definition of Pl,Pr deserves some explanation. Consider, 
for example, Pl and take vl = (by shifting v). It is a polynomial in v 

Nl Nl 
4=0 a=l 

with the coefficients s^i being the moduli parameterizing the space of vacua. Alternatively, 
one can take the roots {^lq} of Pl as the coordinates, with the understanding that they 
should be identified under permutation. What eq. ( [4.4| ) means is that in the semi-classical 

region {Alu} are the eigenvalues of {Al) or, equivalently, that Pl{v) is the characteristic 

sc 

polynomial of {Al)- We will use this notation also later, " = " meaning "semi-classically 
equal". Note that this is an equality only up to terms vanishing in the semi-classical 
region. 

To derive eq. ( [4.3|) , one considers first the limits of vanishing gauge couplings. For 
example, a vanishing A^ corresponds to the right NS5 brane {Sr) being taken to — > C)0 
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(recall that the gauge coupling r is proportional to the length of the finite branes). 
This is achieved by taking Cr = 0: 

t[CLQLiv)t^ - PL{v)t + Pn{v)] = . 

the first factor corresponds to a NS^ brane at t = (which is indeed Xq = 00), while the 
second factor should corresponds to a curve for an SU{Ni) gauge theory with ul + Nr 
flavors. A Change of variables t t/CiQi and then y = 2t — leads to the curve 

y^ = Pl-ACLQLPR , 

which is the familiar curve for this model and this leads to the identification 

of Cl,Pl,Ql and Pr, up to terms proportional to A^. At this stage it would be natural 
to choose vl = (which also implies vr = —mF/\/2), but the freedom to shift v leads to 
a general vl. The limit of vanishing A^^ leads similarly to the identification^ of Cr and 
Qr- 

At this stage the curve is identified up to terms proportional to A^^A^. To show that 
there are no such terms, consider an SU{Nl) ® SU{Nr) model, with iV = + 1 and 
choose moduli of the form 

J ^( ALa + M a<NL , ^( Ar,-M a<NR 

1 -NlM a = NL ' ^^'^ \ NrM a = NR 

with a large M (which will eventually be taken to infinity). At the scale M the gauge 
symmetry is broken to SU{Nl) ® SU{Nr) and ALa,ARa are the moduli of the resulting 
model. Assuming asymptotic freedom {bL,bR > 0), for M large enough the symmetry 
breaks at weak coupling and can be analyzed semi-classically. M contributes, through 
the moduli, to the effective mass of the fundamentals (as can be seen by examining the 
superpotential), so if the mass parameters are kept constant the effective mass will diverge. 
To cancel this effect, we shift also the masses 

tHl = rriL — \PlM , rfiR = rriR + V2M 

(note that M does not contribute to the mass of the bi-fundamentals, so we can keep mp 
constant). Finally, the matching of scales isQ 



A^ = ^^;^A^ = i^MAt- , Ai- = ^^;^Ai- = i^MAt? 



^ NrM ^ Nr ^ ' ^ NlM ^ Nl ^ 



where the numerators correspond to the heavy gauge bosons and the denominators cor- 
respond to heavy fundamentals (coming from the bi-fundamentals). This process should 
be reflected correctly in the curve. The curve for the SU{Nl) ® SU{Nr) model is 

aI'Ql{v)P - Pl{v)P + PR{v)i - A'iQRiv) = 



^°Note that in these works A — \/2 was absorbed in m: raj \/2 — + to. 



^^To obtain the curve in the famihar form, one should choose w^j = and change variables v — > —v. 
We also use the freedom to redefine (-l)^^+"«A5f ~> A^«. 

^^This is always true at weak coupling and, therefore, is exactly true in the limit A/ — > 00, since we 
assume asymptotic freedom. 
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and using the scale matching, one obtains 



AL'QL{v)t'-j;^PL{v)t' + j;^P , t = ^i . (4.6) 

From eqs. ([4 .41 , 14 .51) we deduce 

Pl{v) = {v-vl + NlM)Pl{v) , Ql{v) = Ql{v) , v = v + M 



(and the same for Pr, Qr), so the terms in eq. ( |4.(j| ) must be finite in the hmit M oo. 
These terms are functions of v, A, m and A^, which all depend polynomially on M, 
so if we assume that P and Q depend polynomially on their arguments, we conclude 
that a term proportional to A^^A^ cannot appear in them (since such a term would 
be at least quadratic in M). Observe that corrections to P which are linear in A'' are 
still allowed, so the moduli are defined only up to terms linear in A*. At this stage 
we determined completely the curve for the "up" model, but now one can break the 
symmetry, as described above, and find that the curve for the "down" model also does 
not have A^^A^ terms and, therefore, is given by eq. ( [4.31 ). 

The curve ([4.3| ) implies the identification of charges for the coordinates v, t (in complete 
agreement with the type IIA analysis). In particular, the mass dimensions are [v] = 1 
and [t] = Nn-NL. 

In the next subsections, we will consider the rotation of a NS^ brane. Such a rotation 
will break N = 2 supersymmetry and, consequently, one cannot exclude a priori the 
possibility that the Yukawa couplings n and A will vary. It will turn out that the curve ( ^^ ) 
will continue to play a role in these scenarios and then it will be important to reintroduce 
K and A into the curve. This dependence is completely determined by symmetries (after a 
consistent choice of charges for the coordinates is made) and the result is (see Appendix 
0) that one should perform the following redefinitions 

A^^kA , n^2fi/K^ , m-^nX-^m , A^ ^ A* det(A/K)(K/v^)2^ . 

(4.7) 

To simplify the notation, we will continue to use the form ( |4.3|) of the curve with the 
understanding that each parameter in it actually represents an expression containing also 
K and/or A factors, as described in eq. 



4.3 Rotation of a NS5 Brane 

In this subsection we explore the possibilities to rotate a NS5 brane, i.e., we look for 
M-theory fivebranes that will correspond, in the type IIA description, to a configuration 
obtained from the N = 2 supersymmetric one (described in the previous subsection) by 
a rotation of one of the NS5 branes in the {v,w) plane. 

Consider, for example, a configuration with Sl rotated by an angle 9 and = n^j = 0. 
The corresponding quantum system will be characterized by the asymptotic behavior of 
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the fivebrane. In the present case, there will be three parts of the curve that extend 
to infinity in the internal space, corresponding to the three NS^ branes. In each of these 
parts V extends to infinity (assuming 6 ^ Itt). The w behavior is determined by the 
chosen orientation of the iYSs branes and the t behavior is determined by the bending of 
the NS^ brane, because of the D4 branes attached to it |]l9l (see subsection [37^ ). This 
leads to the following behavior: 

Sl'- tr^v^^/CL , w ^ fiv , /i = e*'^tan6' ; 
Sm ■■ t ~ v^^~^^ , w wm ; (4.8) 

Sr: t CrV'^'^ , W Wr , 

where Cl, Cr, wm and wr are parameters (the absence of a corresponding Cm parameter 
in Sm refiects a choice of normalization of t). Their physical meaning is undetermined 
at this stage and will be identified later[^ Note that classically, one would expect wm = 
Wr = 0, however we will see that this is impossible. 

We look for a Riemann surface S, with the asymptotic behavior ( |4.8| )p^. Each such 
surface will correspond to a vacuum of the quantum system characterized by these asymp- 
totic conditions. We first observe that S can be compactified by adding to it the three 
points at f — i> 00. Indeed, in each of the asymptotic regions w is a local holomorphic co- 
ordinate: t and w are single valued functions of v (this is a refiection of the fact that each 
such region corresponds to a single NS5 brane). This means that each v = 00 point has a 
neighborhood holomorphically parameterized by 1/f and by adding these neighborhoods 
to S we obtain a compact Riemann surface (which will be denoted by the same symbol S). 
Next consider the nature of w as a function on S. This is a coordinate of the embedding 
of E in the (internal part of) spacetime and as such, it is obviously single- valued on E. 
Moreover, from the asymptotic conditions ([4.8| ) we see that it has a single singular point 
(where it diverges) and this point is a simple pole (as can be seen, using the holomorphic 
coordinate l/v). If E is an irreducible surface {i.e., not a union of surfaces), then this 
implies that w; is a (holomorphic) bijection between E and the w plane (this is why wm 
and Wr cannot both vanish). We therefore arrive at the following conclusions: 

• E has a genus 0; 

• w is a. global coordinate on E, 
two functions 

V 

(rather then two equations). 

While the second conclusion is important technically (and will be used later), the first 
one is the physically significant one, because it implies that the above rotation makes all 
the vector fields massive. For SQCD this is obvious, because the rotation corresponds to 

^^Cl and Cji will, indeed, be identified with the corresponding parameters in eq. (^^), but this is not 
needed at this stage. 

^''We use here arguments appearing in for SQCD {SU{N) gauge group). 



which means that the surface can be described by 
= V{w) , t = T{w) (4.9) 
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adding a mass to the adjoint, and this hfts the Coulomb phase also classically. However, 
in the present model there are also Aji moduli (corresponding to the location of the right 
finite branes in the v direction) which, in the classical analysis, are not affected by 
such a rotation and parameterize a branch with massless gauge fields. We will see later 
that this branch collapses to a discrete set of vacua. 

This is a general phenomenon. Note that it arises rather directly from the fact that 
a single NS5 brane is being rotated. It, therefore, remains valid also for uljUr 7^ and, 
moreover, for models with more gauge group factors {i.e., more NS5 branes). It implies 
that a non-zero mass /z for a single adjoint (the first or the last in the chain) lifts the 
Coulomb branch parameterized by all the adjoints. 

The above discussion refers to the case of an irreducible curve. This case will be further 
analyzed in subsection [4.5| . From the above discussion we see that the only possibility for 
a Coulomb phase to survive a NS5 brane rotation {i.e., turning on a mass for one of the 
adjoints) is if the curve is reducible. Then the rotation will not affect the whole curve 
(in fact, only one irreducible component will be affected), and the unaffected components 
may have non-vanishing genus and give rise to massless vector fields in the effective 4 
dimensional field theory. Such brane configurations are the subject of the next subsection. 



4.4 A Reducible Curve 

If the curve S is reducible {i.e. a union of several Riemann surfaces), there is exactly one 
irreducible component containing the rotated NS^ brane and the above discussion refers 
to it without any changes. For the other components, the asymptotic conditions charac- 
terizing them are independent of /i, therefore, these components are /i- independent, i.e., 
unaffected by the rotation, w is bounded in these components and, therefore, constant 
(this constant is determined by the asymptotic conditions). The genus of these compo- 
nents is not restricted by the above considerations, therefore, such a configuration can 
correspond to a Coulomb branch. The effective gauge coupling in such a branch will be 
/i-independent. 

Assuming that the curve depends smoothly on fi, if it is reducible after rotation, it 
will be reducible also before rotation, so we can analyze this kind of rotation possibilities 
looking at the unrotated curve, eq. ([4.3|) . Consider an irreducible component Eq of this 
curve. It may contain / NS5 branes, where / = 0, 1, 2, 3. In the / = case, v is bounded 
and, therefore, constant so this case corresponds to a flat, inflnite, D4 brane. There is 
no A'5'5 to rotate here, so this case is irrelevant for the present discussion^. The / = 3 
case is essentially the same as the irreducible case (that will be discussed later), with 
reduced hl, Nl, Nr and ur (this is the complement of the / = case). The / = 2 case is 
mathematically identical to the description of an SU{N) model and the rotation of one 
of the two NS5 branes was described in ||25|, E6l E^. We will encounter such a situation 



as a special case in subsection ^75| 



^^Recalling that the semi infinite D4 branes can be seen as ending on Dg branes at infinity, it is clear 
that this is a root of a Higgs (or mixed) branch where a D4 brane extends between two Dq branes and 
can "shde" in the (789) directions. 
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Finally, consider the / = 1 case, in which the rotated A'5'5 brane is detached from the 
remaining two. The component to be rotated has one region of diverging v and there we 
have (according to the asymptotic conditions) t ~ Cv^ for some (integral) k. Therefore, v 
is a global holomorphic coordinate and the curve is described by a holomorphic function 
t = Tq{v). If this function is bounded, then it is constant, implying also k = 0, and this 
corresponds to the detachment of a flat NS5 brane. For ul = ur = this is the only 
possibility. For non- vanishing ul and/or tir, there are more possibilities, corresponding 
to a A'5'5 brane connected to semi-infinite D4 branes. In the following, we concentrate on 
the detachment of flat NSr, branes. 



4.4.1 A Flat NS5 Brane 

The simplest possibility for the curve to be reducible is the case of a flat NS5 brane 
detaching from the rest of the curve. This corresponds to G in eq. ( [4.3| ) being divisible, 
as a polynomial, by (t — to) for some (f -independent) to. Equivalently, the equation 

^LQL{v)tl - PL{v)tl + PR{v)to - A'j^Qniv) = (4.10) 

should be an identity in v. Comparing the leading powers of v, we conclude that at 
least two of the 4 polynomials in eq. ( |4.10| ) should have the highest degree. Assuming 
bL,bR > (asymptotic freedom), we obtain two different possibilities: 

• m < Nl = Nr> hr 

Comparing powers of v, one obtains the conditions 

Pl - Al'Ql = Pr- Ar'^Qr =■■ P (4.11) 
and when they are satisfied, G becomes 

G={t- l)(Al^QLt' -Pt + A'j^Qr) (4.12) 



which corresponds to the detachment of the central NS^ brane. The condition ( |4.11 
for the detachment implies that Pl, Pr (and P) must coincide in the classical limit 
(and, in particular, mp = 0), which means that classically the finite D4 branes from 
both sides of Sm must be aligned with each other. This is exactly the criterion 
obtained from a "classical" analysis, in both the geometric (Type IIA brane) and 
algebraic (field-theoretical) description^. The quantum corrections to this criterion 
are, in most cases, shifts of the moduli, which are insignificant in the present context, 
since we characterized them only classicallyQ. For ul = Nl — 1 and/or ur = Nr — 1 
there is also a shift in the condition on mi?: 

-^mF = VL-VR = ^{eRAR-tLAL) (4.13) 



^^This is the type 1 situation of section Q and Pl ~ Pr corresponds to Al — —Ar and mp = 0. 
^^This will become significant in the investigation of the connections to other models and branches, 



where the moduli have a more unambiguous definition. 
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(where e = 1 when n = N — 1 and vanishes otherwise). We interpret this shift 
as follows: classically, a detachment situation is a root of a branch parameterized 

by det (F) and det (^^^y therefore, one expects that the (exact quantum) mass of 

F should vanish there (indeed, at this point the curve degenerates, reflecting the 
existence of massless states). This suggests that the above value for mp is the 
classical value needed to cancel the quantum corrections to the mass, so that the 
final mass will vanish. 

nL = Nl> Nr> hr 

Comparing powers of v, one obtains the conditions 

Pl-Ql = Al'iPR - A^^A^'Qi?) =: ^I'PR (4.14) 
and when they are satisfied , G becomes 

G = {KlH - l)(Qit2 _ p^^ + ^^«g^) (415) 



which corresponds to the detachment of the left NS^ brane. The condition ([4.14|) for 
the detachment implies that Pl and Ql must coincide in the classical limit, which 
means, as in the previous case, that classically the branes from both sides of 
the detaching NS^ brane must be aligned with one another. Pr coincides with Pr 
classically, and the quantum difference is only in the modulQ. 

The detachment of the right NS^ brane is treated analogously. 
4.4.2 Rotating a Flat Central NSr, Brane 

We consider now the rotation of a (detached) fiat central NS^ brane, which is possible, as 
we saw, only for Nl = Nr =: N. According to the identification in subsection |3.2| , such a 
rotation corresponds, classically, to /i^ = —fXR =: — a/2/U 7^ and mp = 0. As discussed 
in subsection |2]^, at scales below /x, Al and Ar decouple, leading to a model with a tree 
level superpotentialQ 

^/2 

W = tiiniLQLQL) + ti{mRQRQR) + ^[tr(g^SQi) - tr(Q^SQ^)] , (4.16) 

A* 



with 



5:=FF-l/^tr(FF) 



sc sc 

(and Ap = —Ar = B/fi), so the resulting effective model, without adjoint fields, will 



have the tree- level superpotential (|4.16| ). This model has vacua parameterized by F and 



F and we have shown that they are not lifted by quantum corrections. 



Observe that in this case 6/j > implies Nn — nji > 2, so the sub-leading terms of Pr and Pr 
coincide. 

^This differs from eq. ( ^.25 ) because here k and A are set to V2 and not 1. 



29r 
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The curve (the unrotated part; see eq. ( [4.12| )) becomes 



A'/-Q'^t^-P't + A'/«Q'^ = , (4.17) 

whereQ 

w = iiv , P\w) := fi^P = fi^ det{v - Al) = det{w - B) , 

Q'l{w) = Ql{v) = det{w/fi + itil/ \pl) , Q'r{w) = Qr{v) = det{w/fx - mR/V2) 
and 

A'/^=^x^A'l , A^'^=/i^A^« (4.18) 

are the usual matching relations for the scales. The geometric interpretation of eq. (|4.17| ) 
is as follows: the relation w/v = identifies w as the coordinate of the (89) plane 
(according to the classical analysis, which is valid in the semi-classical - asymptotic - 
region of the curve), so actually Sl remains in the original orientation {v plane) and 
the rest of the curve is rotated with respect to it. Observe that for fixed A, m and A*, 
the projection of the curve on the v plane (which is what eq. ( |4.12| ) describes) remains 



unchanged. One consequence of this is that the effect of non-vanishing fx can be undone 
by a holomorphic change of coordinates w — fiv ^ v, so the low-energy effective gauge 
coupling is independent of fi (for given A, m and A^). Another consequence is that strictly 
speaking, the effect of changing fi is not a rotation but, rather a stretching of the curve 
in the w direction. From this it is also clear that taking fi to infinity holding A, m and 
A^ fixed will not lead to a curve in the w plane. This is the geometrical origin of the 
change of scales ( |4.18| ). Holding A'^ (and B) fixed, corresponds, roughly to stretching 
the curve in the v direction and this is the way to obtain a finite curve for /i — > oo. For 

= nR = 0, this is an exact statement^], so the projection of the curve on the w axis is 
independent of /i, for given A and B and, therefore, so is the effective gauge coupling 
(as can be verified by a shift v — w/ n ^ v). 

For nL = nR = we obtain (at scales below /i), an = 1 supersymmetric SU{Ny 
gauge group, with two bi-fundamentals and a vanishing superpotential. This model was 
analyzed in by purely field theoretical methods. The analysis led to a curve that is 
equivalent with ([4.17|) (with a modified definition of moduli). A more general family of 
models, corresponding to = ur and a superpotential 

W = J2^T[hiQL{FFyQL] 



was analyzed in |^4[. When hi vanishes for / ^ 0, these models coincide with the present 
models (with ho = mi) and, again, so do the curves. The curves for riLnR ^ and/or 
non vanishing Yukawa coupling (finite /i) obtained here, seem to be unknown so far. 



^'^TOfl may be corrected quantum mechanically: mj^ —> nifj — mp, where mp is given by eq. ( 4.13 ). 

^^When there are fundamentals, their mass parameters m^, rrifj determine the asymptotic v coordinate 
of the semi-infinite branes, so if they are kept constant when changing fi, then the asymptotic w 
coordinate changes and in the limit fi oo these branes escape to infinity. To fix this, one should 



recover A (using (|4.7| )) and rescale it, holding X/jj, fixed. 
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Consider now a large vev for F 



{F) = cIn , c>Al,A 



R 

(note, however, that we still assume that /i is larger than anything else so, in particular, 
fi ^ c). In gauge invariant coordinates, this means a large D := detF = c^. At the 
scale c the gauge symmetry is broken to SU{N)d and if Al, A/j, this can be analyzed 
semi-classically. At scales below c we have, effectively, an SU{N) d model with an adjoint 
Ajj = F — jjtiF, two singlets trF, trF and fundamentals. The corresponding curve, as 
obtained from (|4.17| ) is 

tl- PDt + A'j^QD = , (4.19) 

where 

X = w/c , ti) = t/D 
Pd{x) := P'/D = det{w - B)/D = det{x - Ad) , 
A'j^ = A'/^A'/^D' , Qnivn) = QlQrI=^. ■ 

For n — > oo, Qd ^ detmLdetmn and we recover the known curve for SU{N) with an 
adjoint, fundamentals and vanishing Yukawa coupling 



4.5 An Irreducible Curve 

In this subsection we return to the consideration of a rotation of a NS5 brane when the 
curve is irreducible. We restrict ourselves to rii = Ufi = and consider the rotation of 
the left NS5 brane. As shown at the beginning of this section, the corresponding curve 
can be described by two functions 

V = V{w) , t = T{w) (4.20) 



and they are characterized by the asymptotic conditions ( [4.8|) . For V{w) the conditions 



are that it has two simple^ poles at w = wm and at w = wr while V w / fi for w = 00. 
This leads to the general form 

uiw ) 

V = — ^ , p{w) = w"^ + piw^ + P2W + ps , (4.21) 

H{w - wm){w - Wr) 

where the polynomial p{w) does not vanish at wm and wr. 

Now the conditions for T{w) imply, up to multiplicative constants 



Sl 
Sm 
Sr 



t ~ w'^^ , for w 



00 



t^{w- wm)^^"^« , ioiw^WM ; (4.22) 

t {w — Wr)^^ , for W — i> Wr 



^^The poles are simple because, as discussed above, w is a local holomorphic coordinate in the neigh- 
borhood of each pole. 
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and this leads to the general form 

T = C{w-wm)^''~^''{w-wr)^'' , Cy^O . (4.23) 

Substituting formulas ( |4.21| ) and ( [4.23| ) into the asymptotic conditions ( |4.8| ) leads to the 
following relations: 

Sl: C = {Clii"^)-^ ; 

Sr: p{wRf^ = CLCRf,''-+''-{wR-WMT'' . 

Given p{wm) andp(w/j), V{w) is essentially determined^, therefore, we have the following 
situation: 

Nl 7^ Nfi : The asymptotic behavior defines (for any Wm 7^ WrI) Nr\Nl — Nr\ 
solutions; 

Nl = Nji =: N : Wm and wr are restricted by (wpi — wr)^ = Cifi^ and when this 
is satisfied, there are N one (complex) parameter families of solutions. 

To obtain more information about the curve, we use the following observation Let 
Eq be the projection of the curve S on the {t, v) subspace. We expect that S depends 
continuously on /i in the neighborhood of = and this leads also to the expectation 
that 1(7 is a single valued function on Sq (since it is the constant function for = 0). This 
means that S has the following description: 

G{y,t) = Q , w = W{y,t) 

(where G = defines Sq). At this point we have to specify more precisely what we are 
looking for: we look for a one parameter family (parameterized by /i) of deformations 
of the curve ( |4.3| ), which means that /i is the only additional parameter determining S 
beyond those in ( [4.3|) . From table ( |3.3| ) we see that /x and w are the only quantities in S 
that carry a [/(1)89 charge. Now, since G is independent of t/(l)89 symmetry implies 
that it is also independent of ^ and continuity in /i implies that Sq is exactly the curve 
for yU = 0, z.e., G is given by eq. (|4.3| )P^ One consequence of this is the identification 

Cl = A'l , Cr = A'j^ 

(as can be seen by comparing the asymptotic conditions to the corresponding behavior of 
the curve). But much more information comes from the fact that 

G{v,t)U=v,t=T = 



^•^There is one free parameter left in p{w), which corresponds to the arbitrariness in the choice of origin 
for V. 
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Such a phenomenon was ah'eady observed expUcitly in subsection 4.4.2 
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(where V and T are taken from eqs. ( |4. 2 11 , ^^2^ )) is an identity in w. After the substitution 
V = V,t = T, this identity takes the following form: 







[CLt^ - PLt" + PrI - CRUv,t=T{w - Wm)'>'^« 

Nl 



k=0 



W - Wm 



k=0 

where lk,rk are the coefficients in Pl.Pr respectively: 

Nl 



PlM 



Nr 



NR-k 



(4.25) 



(4.26) 



(note that /q = Tq = 1 while li = —NlVl and ri = —NjiVr). Expanding in powers of w, 
one obtains a set of equations for the parameters in eqs. ( [4.21 ), ( 4.23 ) and ( 4.26 ). From 
now on we assume, for simplicity, bi, hR>2 (otherwise there are additional terms in the 
expressions given below). Furthermore, we choose wr = (by a shift of w). There are 4 
equations that do not depend on the moduh lk,rk, k > 1. These are the coefficients of 
yj'^(NL+Njt) ^ ^2(NL+Nii)-i ^ ^1 ^0 they lead, correspondingly, to 



C 

Pi 

P2 

Nr 
P3 



NL\bL\-l 

Wm 



hL 



bR P3 



NrWm 

^iv.+A.«A5fA^-(-^M)'« 



(4.27) 
(4.28) 

(4.29) 
(4.30) 



which means 



V-VL 



- ^WmW^ + fl{vL - Vr)wmW + (l - 

fi{w — wm)w 



P3 



(4.31) 



We could also expand around wm {i- e., set wm = 0), obtaining other 4 moduli-independent 
equations. Only one of them (the coefficient of {w — wm) 



contains new information 



(beyond eqs. ( |4.271 - |4.30| )). Translating back to the choice wr = 0, one obtains 

(Ml)'- 



piwM 



^Nl-Nr 



(wm)^« 

The implications of this relation depend on whether = Nr or not: 



(4.32) 
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Nl^ Nr: Eqs. ( lOSlJCTI ) imply 



P3 



w 



M 



R 



Nr. 



Combining this with eqs. ( |4.3CI| ) and ([4.32| ) leads to 



rriF 



vl - vr 



(4.33) 



(4.34) 



,,N \bL \ Ni^-Nr 



W 



M 



+ {Nl - N^ 



R 



flNL 



N \bL \bR\ Nr 



Nr \ (-wm)''^ 



so Wm (or, more generally, wm 
totic conditions 



wr) can be seen as representing m^r in the asymp- 



Nl = Nr=: N : Eq. (|3D fixes Wm- 



w 



M 



(Ml)^ 



(4.35) 



and mp remains free. In other words, in this case the parameter m^? is not refiected 
in the asymptotic conditions. 



The other equations following from the identity ( [4.25| ) determine (uniquely) the moduli 
Ik, Tfc in the N = 2 curve, i.e., the points in the moduli space of the N = 2 configurations 
from which a rotation is possible. Note that in general there are much more equations 
then variables, so one may expect that mp is also constrained or even that there are no 
solutions at all. This has been checked for some non-trivial cases and it was found that mp 
remains free. Presumably, this is true in general. To clarify what exactly is left unsettled, 
we return to the question of the conditions for a rotation. So far we have shown that the 
vanishing genus of S (which translates to the complete degeneration of Sq) is a necessary 
condition for a rotation. We now argue that it is also sufficient]^ Indeed, the functions 
V{w),T{w) define a normalization of Sq, i.e., a map from a Riemann surface to Eq, which 
is bi-holomorphic everywhere, except at (the inverse image of) singular points of Sq. Such 
a normalization exists for any algebraic curve in ||62|. Apparently, we constrain this 
normalization by the asymptotic conditions (|4.8| ), but in fact they are always satisfied: 
the t ^ V relations follow from the asymptotic behavior of Sq (derivable from eq. ( [4.3|) ) 
and the w ^ v relation only means that the normalization is to a genus surfaces, which 
was already shown to be necessary. Therefore, every curve in the family ( H.dj ) is rotatable 
iff it is completely degenerate. What remains unknown is if such curves exist for any given 
value of mp. 

To summarize, by the identification of the projection of S on the {v, t) subspace, 
we recovered correctly (see eqs. ( [4.27| , [4.30| , [4.32[ )) the relations ( [4.24| ) obtained from the 
asymptotic conditions ([4.8|) . We obtained, however, additional equations: eqs. ([4.28|) and 
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We are grateful to Yaron Oz for helping to clarify this point. 
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( [4.29[ ) that determine pi and p2 (as functions of itlf) up to the freedom to shift v and, 
for Ni 7^ Nr, also correlate between wm and mp', and other equations that determine 
the moduli Ik, r^. As a result, we obtain, for any value of rriF, (at most) finite number of 
discrete solutions (vacua). 

One can identify the situation when the central NS^ brane (Snj) detaches from the 
rest of the curve. As discussed at the beginning of subsection this is possible only for 
Nl = Nn =: N, and then the detached Sm is flat: constant t and w (since in the present 
model there are no semi-infinite D4 branes). In the present description this happens 
whenever p{wm) = 0, and by eqs. ( |4.33|) and ( [4.35|) this means vl = vr (as for the /i = 



case, discussed in subsection |4.4.1D . Setting vl = vr = 0, one obtains 



P3 



p{w) = {w -wm){w ) 



Wm 



leading to a degenerate curve: 



P3 ■ 

Wm' 







w 



N 



The first factor corresponds to the flat Sm- w = WM,t = 
Wm = e'/iAi , P3 = -ee'/i^A^Aij , 
in the second factor (using eqs. (|4.35| , [4.30| )), one obtains 



.Ml. 
1. Substituting 

,Ar rN , 



(4.36) 



wv 



t 



w 



N 



where fi is the 



which is identical to the curve of = 1 SYM with a massive adjoint 
mass of the adjoint and A = a/AlA/j is the scale. 

Next we consider the limit — 00. We have already seen that if the parameters of 
the initial N = 2 curve are all held fixed, the projection of the curve on the (f , t) subspace 
remains unchanged, so /i does not parameterize a rotation but rather a stretching in the 
w direction. From this it is clear that the — > 00 limit of such a procedure will be 
singulaij^. The correspondence to field theory, where /i is identified as the mass /xl of 
Al, leads to the resolution of this problem: in this process is decoupled, so we should 
hold fixed the combination A'^^^ = /i|fA^^ (the instanton factor of the model without A^) 

L = Nr := A^, one obtains (see eq. ([4.35|) ) 



and not A^^. When A^, 



w 



M 



, 2N 



and when 7^ Nr, eq. ( [4. 341 ) becomes 

1 

+ {Nl - Nr) 



Vl - vr 



Nr 



w 



M 



A 



Wm 
IiNl 




A'.^'^A"- 



-Wm 



\Nl 



(4.37) 



(4.38) 
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Such a situation was already discussed in subsection [4.4.2 . 
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so in both cases wm and vl — vr are finite in the hmit yU ^ oo. The curve takes the form 



V-VL 

T 



Nl 



wmw"^ + ^^{vL - vr)wmw + [j^w - Wm) fiq 



IJ,{w - wm)w 



(4.39) 



where 



q :-- 



P3 



so in the ^ oo limit, T remains unchanged, while V becomes 

{vl-Vr)wm + {1- q 

V = vl-\ \ 

w — Wm w 



(4.40) 



Each of the three terms corresponds, roughly, to the tree NS^ branes. For Nl = Nr one 
can use the explicit expressions (I^SeD, to obtain 



V = vl + 



w - e'A'r 



T 



w 



w 



A' 



N 



It is interesting to compare the above curves to those corresponding to = 1 SQCD 
with A'^^ colors and Nr flavors. For a uniform quark mass m, the curve is ||25| (in an 
appropriate choice of coordinates) 



V = VL 



W-TTl 



W + W- 



T = {w + w^r^-^'V^/A'L 



(4.41) 



where 



W- 



m 



Identifying A' = A^, m = vl — vr, W- = —wm, the curves coincide for q = 0. For finite q, 
the main difference between the curves is the absence (in the SQCD curve) of the third 
term of ^ - the term that corresponds to the right NS^ brane {Sr). The absence of this 
term is understood as follows: in the type IIA brane description, the difference between 
the configurations is that Sr is replaced by A^ Dq branes (each connected to one right 
D4 brane). The third term in V describes the extension of Sr in the v direction and its 
absence in the second curve corresponds to the fact that the Dq branes are at fixed v. 
Now, the limit g — > (for fixed wm and A'j^) is the limit A^ — >■ which, in the brane 
description, corresponds to taking Sr to ^ 00. The coincidence of the curves means 
that in this limit the right D4 branes "forget" what brane they are attached to. Another 
significant point in this comparison is that the quark mass is uniform. This means that 
all the Dq branes are in the same v positions. Classically, this implies that all the right D4 
branes coincide and in our model this means (Ar) = 0. This is in agreement with the fact 
that the N = 2 curve we rotated has genus 0, since this situation occurs for (Ar) of the 
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order of A/j. Finally, in SQCD, in the limit m ^ there are vacua only for Nl < Nr, so 
it is interesting to see what is the corresponding behavior in our model. Setting vl = vr 
(and jj, = oo) in eq. (|4.38| ), one obtains wm ~ A;^^"^-^, which indeed diverges in the limit 
Ar 0, unless Nl < Nr. 



5. Discussion 



In the previous sections we analyzed the same field theoretical model using: a direct 
(field theory) approach, weakly coupled type IIA string theory and an M theory limit 
corresponding to a strongly coupled type IIA string. In this section we discuss some 
conclusions that can be drawn from the results. 



5.1 The Frozen U{1) Factors 



The freezing of the f/(l) gauge factors, described in subsection |3.3.1| , raises a puzzleQ 



As we saw in the comparison of the two classical models, the freezing of the U{1) vector 
multiplets has an opposite effect on other quantities: ^ and r] effectively change from being 
parameters to being moduli (related to vev's of F and F). Classically, we identified these 
parameters as the relative location of the NS^ branes in the (789) directions. Keeping this 
identification seems to conflict with the "principle" that moduli should not correspond 
to a motion of infinite objects (this was, after all, the principle that led to the identifi- 
cation of this effect in the first place!). So one may deduce from this principle that this 
identification is wrong quantum mechanically, but this approach raises other problems. 
The FI parameters are left with no geometrical interpretation, which is acceptable (we 
already have such parameters - the Yukawa couplings of the bi- fundamentals). On the 
other hand, the (789) location of the NS^ branes is left with no imprint in the effective 
gauge theory, implying that it is either irrelevant (which would be surprising) or fixed by 
quantum effects. 



We may look for guidance in the results we obtained in M theory. In subsection |4.4 
where we considered parallel NS^ branes (corresponding to = /i/j = 0), we found 
detachment of a (fiat) brane exactly in situations where we expected it from classical 

considerations. In particular, Sm was detached exactly where one would expect the root 

sc ~ sc / ~ \ 

of the Higgs branch, parameterized hj D = det (F) and D = det (F) (compare to 

subsection |2.2.1|) P^. Once a (fiat) NS^ brane is detached, it is obviously free to move in 



the (789) directions. Moreover, once the detached brane is moved, the Coulomb branch 
is truncated, so this motion cannot be completely irrelevant. It does not influence the 
effective U{1) gauge couphng, but neither are Higgs moduli, at least as long as the N = 2 
supersymmetry is unbroken [Q. In subsection where we considered /il 7^ = fiR, 



^^This problem in not specific to the present model and appears already in SQCD. 
^^Similarly, one can easily recognize the detachment of Sl as the root of the baryonic branch parame- 
terized by Qi moduli, although we did not consider these branches in this work. 
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we observed a detachment of 5*^./ for Nl = Nr, again, exactly where one expects the root 
of the Higgs branch (compare with subsection |2.2.2| )P^. 

So the resuhs from M theory seem to suggest that the (789) location of Sm realizes, also 
in the quantum situation, the FI parameters, which are related (together with another, 
non geometrical, degree of freedom) to D and D. This is also supported by symmetries 
and quantitative relations. But if this is true, we are back to the original problem: how 
can a modulus correspond to infinite motion. In principle, this problem can be resolved in 
two ways: either the above moduli are some how frozen, or the Sm brane is not infinite. In 
fact, we already know a situation with the same apparent problem. When the fundamental 
fields are realized by Dq branes, there is a branch of vacua, (parameterized by Q moduli) 
corresponding to the (789) locations of a D4 branes extended between left Dq branes and 
right Dq branes. When these Dq branes are taken to —00 and +00 respectively, the Q- 
moduli seem to correspond to the motion of infinite branes! Perhaps the NS^ branes 
can also be made finite in a similar fashion. This deserves a further investigation. 



5.2 Lifting the Coulomb Branch by Adjoint Masses 

One of the main issues that were investigated in this work is the effect of turning on 
masses for the adjoint fields. In the classical models (realized in type IIA string theory) 
all possibilities were considered, with full agreement between geometric (type IIA) and 
algebraic (field theoretical) results. In the quantum models the classical branches of vacua 
may be lifted by dynamically generated superpotentials. In the type IIA description this 
is expected to correspond to forces between branes, as explained in subsection p.3.2| . Two 
kinds of situations were considered. Some comprehensive results were obtained using M 
theory. In the following we will summarize the results and discuss their implications both 
in field theory and in the dynamics of branes. 



5.2.1 Nl = Nr, hl = -Mr 

This situation is realized by a rotation of a detached Sm (the central NS^ brane) and 
was investigated in subsection [4.4.2| . Classically, there is a branch of vacua parameterized 
by FF moduli. One finds that this branch survives also in the quantum model. In 
field theory, this follows from the conservation of an R symmetry, and in type IIA string 
theory this is because all D4 branes extend between parallel NS5 branes {Sl and Sr) and, 
therefore, there are no forces between them. So we find agreement of all approaches. 

Integrating out the massive adjoint fields, one obtains a model with a Yukawa-like 
coupling between the fundamentals and the bi-fundamentals (see eq. ( |4.16| )) 



-tr{QBQ) , B := FF - ^Mi{FF) , 

so this procedure leads to the SW curves for this family of = 1 models. For some of 
these models these curves were derived previously, using field theoretical methods E^. 



^^In the classical analysis we found a (smaller) Higgs phase also for Nl > Nn. We do not see this 
branch in the M theory analysis so, presumably, it is lifted by quantum corrections. 
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In all these cases, our results are in agreement with the previous ones. For ninR ^ our 
results seem to be new. 

Even when the results are known, the M theory approach often provides an alternative 
understanding (as is already the case with the SW curve itself). For example, the change 
of variables and the matching of scales necessary to obtain a finite result in the limit 
of infinite mass follows naturally from the fact that for a fixed scale, the "rotation" is 
actually a stretching. Another example is the fact that the effective U (1) gauge couphng is 
independent of and trFF. Geometrically this is obvious, since these quantities describe 
the location and orientation of the detached Sm, which has nothing to do with the gauge 
fields. 



5.2.2 hl7^0 = ^iR 

This situation is realized by the rotation of Sl (the left NS5 brane) and we analyzed 
in detail, in M theory (subsections |4.3| and [4.5|) , the case with no fundamentals {ni = 

= 0). We found that the rotation is possible for any value of mp (the mass of the 
bi-fundamentals), and it leads to a complete lifting of the N = 2 Coulomb branch, leaving 
only discrete vacua with no massless gauge fields. Moving Sr to the extreme right (which 
corresponds to vanishing coupling of the SU{Nfi) gauge factor) we recovered (for infinite 
n) the curve for N = 1 SQCD (with a uniform quark mass). This agreement should be 
regarded as a successful consistency check. 

As remarked in subsection [4.3| , the complete lifting of the Coulomb branch appears 
in a quite general class of models: one can consider a chain of an arbitrary number of 
NS5 branes connected by D4 branes, and what we found is that generically {i.e., when 
the curve is irreducible) all parts of the moduli space are lifted, including those related 
to remote branes. This is a quantum effect: returning, for concreteness, to the case of 
two gauge factors, classically the Ar moduli remain free when one gives mass to (see 



subsection p.2.2|) , and this is supported by the (classical) type IIA description, where the 
right branes are suspended between parallel NS5 branes {Sm and Sr) and, therefore, 
free to move in the f-direction. 
Consequences for Field Theory: 

From the field-theoretical point of view (considered in subsection P]3|), this effect is ex- 



pected to correspond, at scales below fx^, to the dynamical generation of a superpotential 
which depends on Ar moduli and, in this way, constrains them. In the limit of vanishing 



Ar and kr this superpotential should reduce to that of = 1 SQCD (see also p5| ). 
But when either of these parameters is non-vanishing, Ar dependence is possible. Unlike 
the previous case (/^l = —fJ-R), here the symmetries do not prevent this possibility and we 
have shown in subsection |2.3| that there is a related model - magnetic SQCD - in which 
such a superpotential is generated. The results from M theory mean that this is so also 
in the present models. 

There is another framework in which one can investigate the effect of a mass for the 
adjoint: the low energy N = 2 description for /i^ = 0. It is interesting to see what our 
results mean in this framework. One considers small /^^ as a perturbation in the low energy 
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N = 2 description. Each point in the moduh space has a neighborhood parameterized 
(holomorphically) by moduh L^, Ra, which are vev's of the scalar N = 2 superpartners 
of the massless gauge fields (these are either the eigenvalues of and Ar, or related to 
them by a duality transformation). The perturbation is fJ^iU, where [/ is a function of the 
moduli, that coincides with 5tr(v4|) in the classical limit. At a generic point there are no 
other massless fields and the equations of motion require that the gradient of U vanishes: 

daU = d-aU = 

which is (at least generically) false. To obtain a vacuum, one needs, for every non- 
vanishing component of the gradient, a massless N = 2 hypermultiplet (g, q) charged 
electrically under the corresponding gauge field (this is what dictates the choice of moduli). 
Then, the superpotential looks like 

W = iilU + V2qAq + ... 

(where A is the corresponding modulus), leading to the equations 

d 

^^LqjU = ~qq , qA = Aq = 

and implying A = 0. 

Naively, one would expect that U is independent of Ra (as is true classically), leaving 
the right part of the Coulomb branch unlifted. But since these parts are connected by the 
bi-fundamentals F, F, this is not necessarily true. Without such a restriction, generically 
all the components of the gradient do not vanish, implying that all the moduli are lifted. 
We found that this is what happens, and this means that quantum effects "mix" the right 
and left moduli, leading to a dependence of U on the Ar moduli. This is related to the 
left aright mixing in Pl, Pr (see eq. ( [4.3|) ), which is possible in the parts proportional 
to the instanton factors (recall that those parts were not determined by the analysis in 
section ^). 

Consequences for Brane Dynamics^^ 

The results from M theory have also implications on the dynamics of branes. Dy- 
namically generated superpotentials in field theory correspond to forces acting on the D4 
branes [|l^. This is briefly described in subsection |3.3.2 . Such forces reduce the possible 



equilibrium configurations of these branes and, therefore, lead to the truncation of the 
moduli space. Once the equilibrium configurations are known, they encode information 
about the forces that lead to them. 

In the present case, in the equilibrium configurations, as found in M theory (and 
translated to weakly coupled type IIA language), all the right D4 branes are grouped 
together and the displacement between them and the left branes (in the v direction) 
is a free parameter (corresponding to the mass mp oi the bi-fundamental in field theory). 
The question is, what are the forces that lead to such equilibrium configurations. Following 
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We are grateful to David Kutasov for a discussion on this issue. 
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11 , there is a Coulomb-like attraction between the left and right branes. We should 



also impose the constraint found in [|T9|, that the average location of the branes is 
fixed. This constraint can be understood as a force between the D4 branes and the 
NS^ branes on which they end. Combining these forces, one obtains the correct vacuum 
structure (to show this, one uses the fact that a Coulomb force is a single valued function 
of the displacement). Note that without the constraint, the right D4 branes would all be 
concentrated at the same point (on the central NS5 brane) as the left D4 branes, which 
would mean that the mass mp for the bi-fundamental is fixed to vanish. This is fully 
consistent with the corresponding field-theoretical description: the constraint corresponds 
to the freezing of the U{1) factor, so ignoring it leads to a U{N) gauge theory, where mp 
is a modulus (or, more precisely, absorbed by a modulus tiAji) which is expected to be 
determined by the (quantum) equations of motion (as are the other parts of Aji). So 
we conclude that the constraint fixing the average position of the D4 branes should be 
imposed. 

When there are more then three NS5 branes, we learn from the M theory analysis 
that there are forces also on the rightmost branes, in spite of the fact that they 
are in direct contact {i.e. share a common NS5 brane) only with D4 branes that extend 
between parallel NS5 branes. We know that there are no forces between such D4 branes 
before the rotation. However, once a NS5 brane is rotated, there are forces acting on 
any brane connected to the rotated NS5 brane through other NS^ branes and D4 
branes (alternatively, there are "forces" acting on any part of an M5 brane connected to 
a "rotated" part; the "non-locality" in the action of forces in the type IIA description is 
thus implied by the holomorphicity of the fivebrane worldvolume in the other M theory 
limit). When the chain is "cut" into two disconnected components, only the D4 branes in 
the connected part of the rotated NS5 brane are affected by the rotation, so this force is 
transfered through the brane configuration (through the M5 brane) and not through the 
bulk. This situation reminds a set of paramagnetic bodies put along a line. Normally, 
there is no force between them, but when a magnet touches the body at the left end of 
the line, this body is magnetized and attracts the body to its right and so on. When the 
magnet is taken away, the forces disappear. Perhaps the forces between D4 branes that 
extend between parallel NS5 branes can be formulated as such induced magnetization (or 
polarization). The simplest scenario that leads to the correct vacuum structure would 
be that the rotated NS^ brane induces (iteratively) attractive forces between D4 branes 
extending between the same NS^ branes. In a configuration with N = 2 supersymmetry, 
the absence of these forces is understood as a result of exact cancellations implied by the 
extended supersymmetry. Such cancellations cannot be expected when this symmetry is 
broken. It would be interesting to check this issue in other situations. 



5.3 More gauge group factors 

The considerations of this work extend naturally to models with more gauge group factors 
(realized by brane configurations with more NS5 branes). This was already discussed in 
the context of the lifting of the Coulomb branch. The discussion of a degenerate M5 brane 
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can also be generalized in this direction, leading to the determination of SW curves for 
more = 1 SUSY models. For example, the detachment of a flat NS^ brane (one of the 
middle ones; in the absence of Dq branes) is possible whenever there are two adjacent 
factors with the same number of colors. The rotation of the detached brane translates in 
field theory to turning on masses for the corresponding two adjoint fields, and when these 
fields are integrated out one obtains an iV = 1 model where not all the vector superfields 
have a chiral N = 2 superpartner. 

Acknowledgment: We are grateful to Shmuel Elitzur, David Kutasov, Yaron Oz and 
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American-Israel Bi-National Science Foundation, and by the Israel Science Foundation 
founded by the Israel Academy of Sciences and Humanities - Centers of Excellence Pro- 
gram. A.G. thanks the Theory Division at CERN for hospitality. 

Note Added: 

After completion of this work, we received the preprint which also considers the 
Coulomb branch of some N = 1 SUSY gauge models with product groups by type IIA 
brane configurations. 



Appendix A. Symmetries 

The classical SU{Nl)(^SU (Nr) model with vanishing superpotential has a large group 
of global symmetries, which include non-Abelian factors SU{nLY ® SU{npi)'^, and U{1) 
factors described in the following table^ 





e 


F 


F 


Al 




Ql 


Ql 


Qr 


Qr 






(le 
Qf 


1 


1 


1 














-2K + Nr) 
2Nr 


-2K + Nl) 
2Nl 


Qfv 
Qal 
Qar 
Ql 




1 


-1 


1 


1 


1 


1 






2Nl 
2nL 


2Nr 


Qlv 
Qr 












1 


-1 


1 


1 




2nR 


Qrv 
















1 


-1 







where 6 is the Fermionic coordinate of superspace and Al^A^^ are the instanton factors 
of the two gauge groups. The charges of the instanton factors A^^ , A^ are chosen to 

^^For N]^ = Nfi and ul = ur there is also a Z2 symmetry exchanging L R. 
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compensate the anomalies. To determine them, one needs the Dynkin indices k of the 
SU{N) gauge groups: = for the adjoint and = I for the fundamentaL Similarly, 
the charges of the parameters in the action can be determined by the requirement that the 
(classical) action is invariant (recall that this means that the superpotential has R-charge 
qe = 2). 

These symmetries can be used to constrain the possible form of superpotentials and 
SW curves. Here we describe our strategy of using them. 

• Conservation of qpv, Qlv and Qrv (the "baryon numbers") means that the corre- 
sponding fields must appear in pairs F'^^F^^, QjJ aQL' ji Qr aQR y 

• In most parts of this work we set the Yukawa couplings k and A to fixed values 
(either 1 or \/2). The conservation of g^L, Qar-, Ql + Qlv and qr + qrv can be used 
to recover i^l, i^r, and \r respectively. In fact, an efficient way to insure the 
conservation of the above charges is to use only neutral quantities. The prescription 
described in eqs. ( f^.7| , |2.8| ), can be interpreted as the identification of a neutral 
expression that reduces to the correct quantity when k, and A are set to 1. For 
example fii represents the (g^ii^-neutral) expression In the quantum theory 
additional quantities appear - the instanton factors and the coordinates of the SW 
curve. With the above approach, the coordinates are chosen to be neutral and the 
instanton factors (for k = A = 1) represent 

A^- ^ ;.27v-"AbdetA . (A.2) 

When the Yukawa couplings are fixed to a value different from 1, the transformations 
recovering them should be modified in an obvious way. See, for example, eq. ( [4.7| ). 

• We are left with two unused symmetries. To be useful when k and A are fixed, these 
symmetries should be chosen not to act on k and A. One such choice is i?45 and 
i?89) defined in table (|3.^). 
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